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Abstract
We develop an ab initio formalism for dipolar electron-phonon interactions (EPI) in two-
dimensional (2D) materials. Unlike purely longitudinal Fro¨hlich model, we show that the out-
of-plane dipoles also contribute, and the 2D dipolar EPI plays an important role not only in the
typical polar material MoS2, but also in hydrocarbon material graphane. By incorporating this
formalism into Wannier-Fourier interpolation, we enable accurate EPI calculations for 2D mate-
rials and subsequent intrinsic carrier mobility prediction. The results show that Fro¨hlich model
is inadequate for 2D materials and correct long-wavelength interaction must be included for the
reliable prediction.
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The coupling between electrons and atomic vibrations, i.e. the electron-phonon inter-
actions (EPIs) play major roles in many solid-state phenomena [1]. Ab initio calculation
methods, particularly those based on the density functional perturbation theory (DFPT),
have advanced significantly in recent years for three-dimensional (3D) materials, facilitating
parameter-free simulations of charge transport [2–6], heat transport [7], phonon-assisted op-
tical absorption [8], superconductivity [9, 10], and polaron formation [11–13], to name a few.
However, the reduced dimensionality poses additional challenge for two-dimensional (2D)
materials due to different long-wavelength Coulomb interaction [14–16]. Particularly, the
long-wavelength EPI in 2D polar materials converges to a finite value [17, 18], in contrast
to the 3D |q|−1 divergence for small phonon momentum q [19]. Although in 2D materials
the EPI does not diverge, it presents a sharp cusp around q → 0. Such cusp slows down
the Brillouin zone integration and is difficult to approximate using Fourier or Wannier in-
terpolation due to the sharp singularity. Therefore, simple Wannier-Fourier interpolation
or previously developed 3D Fro¨hlich models [20–22] lead to incorrect long-wavelength EPI
and results in reduced predictive power for 2D materials [23, 24]. Consequently, special
care should be taken for EPI calculations in 2D polar materials [25], and it takes expensive
DFPT calculations on a dense q-grid to achieve converged prediction [26, 27].
Previously, first-principles-based models have been proposed for such interactions be-
tween electrons and longitudinal optical (LO) phonons [28–30], and Sohier et al proposed a
2D variation of the 3D Fro¨hlich interaction which achieved agreement with finite q DFPT
results. However, these materials are not strictly 2D objects, and their out-of-plane vibra-
tion and distribution should be considered. The dipolar potentials in earlier models were
either purely 2D [30] or depends on a thickness parameter [28, 29]. Moreover, previous
models only addressed the longitudinal dipoles from LO phonons and cannot explain the
non-analyticity observed in transverse phonon modes, specifically the purely out-of-plane A
′
1
homopolar phonon in transition metal dichalcogenides (TMDCs). Therefore, the absence of
a generally applicable model for dipolar EPI is still a major obstacle that prevents accurate
and accelerated EPI simulations for 2D materials.
To address the abovementioned issues, we propose an ab initio formalism for dipolar EPI
in 2D materials. In this work, we show that in 2D materials, both in-plane longitudinal
dipoles and out-of-plane transverse dipoles contribute to the non-analytical long-wavelength
EPI. This contrasts with 3D or 2D Fro¨hlich models and emphasizes the quasi-2D nature. The
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FIG. 1. Phonon dispersion of MoS2, and the vibration patterns of LO and A
′
1 modes. The dipole
potential field is also illustrated where the red and blue region represents positive and negative
potential. (b) q-dependent electron-phonon interaction matrix elements for LO and A
′
1 phonon
modes, with electron in the conduction band edge at K point as the initial state. Symbols are
DFPT results (gDFPT) while red and blue lines represent the out-of-plane (g⊥) and in-plane (g‖)
components of Eq. (5), respectively. The difference between DFPT and Eq. (5) result for A
′
1
phonon is attributed to the non-zero short-range contribution.
interaction is present in both polar materials like MoS2, and materials with nonpolar covalent
bond such as hydrogenated graphene (graphane). It is also incorporated into Wannier-
Fourier interpolation [31, 32] to accelerate EPI calculation for 2D materials, which are
demonstrated by phonon-limited Boltzmann transport equation calculations.
The 3D ab initio Fro¨hlich model was obtained by solving Poisson equation for a dipole
p in an anisotropic dielectric which leads to a potential field
V dip,3D (r) = i
2pi
NΩ
∑
q
∑
G6=q
p · (q+G)ei(q+G)·r
(q+G) · ∞ · (q+G) , (1)
where ∞ is the high-frequency (electronic) dielectric tensor, and NΩ is the Born-von
Ka´rma´n cell size. Here we take e
4piε0
to be unity, as in atomic units. The p · (q+G)
term suggests that only dipole with longitudinal component, i.e. parallel to the momentum,
contributes to the Fro¨hlich EPI. Similarly, in previous 2D Fro¨hlich models, only longitudinal
terms are included in analogy to the original 3D model. However, the out-of-plane vibration
of ions also generates a dipole field that has long-range nature, which is non-analytical and
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gives EPI a strong q-dependence. This is observed in the small-q EPI of the homopolar
A
′
1 phonon in TMDC, which is the simultaneous out-of-plane vibration of chalcogen atoms
in opposite directions, as shown in Figure 1. Although it generates vanishing total dipole
moment, the potential fields do not cancel due to finite distance between these two atomic
layers. These potential fields share the same origin with Fro¨hlich EPI and should be de-
scribed in a unified formalism.
To derive the desired formalism, we start by solving the Poisson equation for a point
charge e residing in a 2D dielectric. By considering an anisotropic polarizability tensor α2D,
the Poisson equation for electrostatic potential φ becomes [33]
∇2φ(r‖, z) = −4piδ(r)− 4piδ(z)∇‖ · α2D · ∇‖φ(r‖, z), (2)
where r‖ and z are in-plane and out-of-plane components of coordinate r. The solution is
φ(r‖, z) =
2pi
NA
∑
q
∑
Q=q+G‖
e−|Q||z|eiQ·r
|Q|+ 2piQ · α2D ·Q , (3)
with A and G‖ being the unit cell area and an in-plane reciprocal lattice vector. This is the
2D Fourier transform of Coulomb interaction, with a Keldysh-type dielectric function [34].
The 2D polarizability is computed from macroscopic dielectric tensor [35] through α2Dij =
c(∞ij −1)
4pi
with c = Ω
A
being the unit cell dimension along perpendicular direction [36]. This is
derived by evaluating the averaged macroscopic dielectric constant of stacked 2D layers, as
discussed in Supplemental Materials [37]. The potential field generated by an infinitesimal
dipole p is approximated using the gradient of φ(r‖, z) such that φdip ≈ −p ·∇φ(r‖, z). With
this approximation we express the interaction between a dipole p at origin and an electron
as V dip,Q2D = −eφdip , which is
V dip,Q2D(r‖, z) =
2pi
NA
∑
Q≡q+G‖
e−|Q||z|eiQ·r
ip ·
[
Qˆ+ izˆ sgn(z)
]
1 + 2piQˆ · α2D · Qˆ|Q| , (4)
Here Qˆ and zˆ are the unit vectors along Q and perpendicular directions, respectively, and
sgn(z) is the sign function. The dipole moment of a displaced ion is expressed using Born
effective charge as eZ∗κ ·∆τκR. For a phonon mode νq, the displacement of atom κ in unit
cell R is ∆τκR =
(
h¯
2NMκωνq
) 1
2 eiq·Reκν(q) [1, 22]. Then the 2D dipolar EPI matrix element
is
gdip,Q2Dmnν (k,q) = i
2pi
A
∑
Q=q+G‖
∑
κ
(
h¯
2NMκωνq
) 1
2 e−iQ·τκ
1 + 2piQˆ · α2D · Qˆ|Q|
4
×
[
QˆMκmn(k,Q) + izˆSκmn(k,Q)
]
· Z∗κ · eκν(q), (5)
Mκmn(k,Q) =
〈
ψmk+q
∣∣∣e−|Q||z−zκ|eiQ·r∣∣∣ψnk〉 , (6)
Sκmn(k,Q) =
〈
ψmk+q
∣∣∣sgn(z − zκ)e−|Q||z−zκ|eiQ·r∣∣∣ψnk〉 . (7)
The main differences between this result and previous works are (i) the izˆSκmn(k,Q)
term describing the out-of-plane dipoles, and (ii) the e−|Q||z−zκ| factor which couples with
the actual wave function span in perpendicular direction. These factors emphasize the quasi-
two-dimensional (Q2D) nature of 2D materials, which are 2D-like objects in a 3D world.
Since for small q the potential decays very slowly in perpendicular direction due to the
e−|Q||z−zκ| term, 2D Coulomb truncation is necessary for avoiding spurious coupling between
repeating image layers [14, 15, 38]. In fact, without 2D Coulomb truncation, the EPI is
enlarged to more than twice the original strength [37]. We include the truncation by adding
a rectangular factor θ(l − |z − zκ|) with l = c/2.
Here we compared our model dipolar contribution using Eq. (5) with DFPT result gDFPT
[39] computed for MoS2 conduction band edge (Figure S1). Only LO and homopolar A
′
1
phonons, as shown in Figure 1(a), have non-vanishing intra-band EPI at q→ 0 [29]. The in-
plane longitudinal component g‖ from Mκmn(k,Q), and out-of-plane contribution g⊥ from
Sκmn(k,Q), are plotted separately. The LO EPI approaches a constant value of 0.34 eV
while DFPT result is zero at q = 0 due to periodic boundary condition. As shown in Figure
1 (b) for LO phonon, the in-plane g‖ correctly reproduces the long-wavelength behavior,
while g⊥ has negligible contribution due to vanishing out-of-plane vibration and smaller
effective charge components (Z∗S,⊥ = 0.034 and Z
∗
Mo,⊥ = 0.068, versus Z
∗
S,‖ = 0.494 and
Z∗Mo,‖ = 0.989). For the A
′
1 phonon branch in Figure 1(c), dipolar EPI also contribute
to the cusp singularity near q→ 0. Although the in-plane component vanish at q→ 0,
both in-plane and out-of-plane vibrations add a cusp to A
′
1 EPI with comparable slope
because Z∗S,‖  Z∗S,⊥. For systems with significant out-of-plane Born effective charge, such
as graphene derivatives to be discussed later, g⊥ could dominate over g‖ in homopolar
phonons, as shown in Figure S2 [37]. Due to such cusp singularity, A
′
1 EPI strength reduces
significantly as |q| increases. This effect was not addressed in previous models and suggests
that a constant approximation [40, 41] or Fourier interpolation could fail for A
′
1 phonon
without dipolar correction. We noticed that a recent work [42] suggested a dipolar EPI
from the highest phonon branch of MoS2. However, it vanishes in our model due to mirror
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FIG. 2. (a) Electron band structure of hBN, with vacuum level at 0 eV. The red and blue lines
represent the first image potential state (1+), and antibonding pi∗ state consisting of pz orbitals,
respectively. The plane-averaged wave functions are illustrated along out-of-plane z direction, which
shows that 1+ state has a wider distribution. (b) q-dependent electron-LO interaction strength,
where 1+ and pi∗ states are marked red and blue, respectively. Symbols, solid and dashed lines
represent the DFPT result, quasi-2D model given by Eq. (5), and simple-2D model without the
e−|Q||z−zκ| factor.
symmetry of MoS2 monolayer, as verified in DFPT calculation. Such coupling may be
important in stacked layers and can be described within our formalism. The presence of g⊥
contribution is the consequence of 2D materials’ Q2D nature, where vibrations in the third
dimension play important role in electron-phonon coupling.
In addition to the Keldysh-type screening length reff = 2piQˆ · α2D · Qˆ, the e−|Q||z−zκ|
factor induces another length scale contributing to the singularity near q→ 0. This effect
has been discussed in electron-electron interaction model [43], while its role in EPI was
only considered empirically [28]. This length scale is related to the effective thickness of
electronic state, and becomes non-negligible when comparable with reff. To illustrate this,
we computed the LO EPI for 2D hexagonal boron nitride (hBN) whose conduction band at
Γ point is an image potential state (1+) like that in graphene, while the conduction band
at K point is simply a pi∗ state consisting of pz orbitals, as shown in Figure 2(a). While the
pi∗ state is tightly bound to the atoms, the 1+ state has a wider out-of-plane distribution
where the e−|Q||z−zκ| factor shows different impact. As shown in Figure 2(b), the LO EPI
with 1+ state weakens faster than that for pi∗ state as |q| increases. While our model gdip,Q2D
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FIG. 3. Electron phonon matrix elements calculated from DFPT (symbols) and Wannier-Fourier
interpolation schemes without dipolar correction (Wan. only, red lines), with 3D Fro¨hlich correction
(+3D dip., green lines), and with 2D dipolar correction in this work (+2D dip., blue lines). The
matrix elements are computed for MoS2 with conduction band edge as initial state, and for phonon
momentum q (a) along M-Γ-K high symmetry path and (b) in the vicinity of Γ point.
correctly captures the different decay rate, simple 2D model without e−|Q||z−zκ| shows very
small difference and overestimates coupling between LO phonon and 1+ state. Our results
demonstrate that the Q2D nature of 2D materials should be considered when studying 2D
materials with significant thickness.
The dipolar contribution described here can be subtracted from the DFPT electron-
phonon interaction potential and enables Fourier interpolation [20, 44, 45]. Alternatively,
gdip,Q2D could be subtracted from EPI matrix elements after simplification and enables
Wannier-Fourier interpolation to reduce computational cost [22, 30, 46]. The simplified
gdip,Q2D must satisfy the following criteria: (i) all quantities to be Wannier-interpolated are
smooth in k; (ii) it reduces to Eq. (5) in long-wavelength limit; (iii) it satisfies the Hermitian
relation gdip,Q2Dnmν (k+ q,−q) =
[
gdip,Q2Dmnν (k,q)
]∗
. Assisted by smoothness of Wannier-gauge
[47] we are able to identify such approximation, which is detailed in Supplemental Materials
[37]. We note here that the resulting approximation only needs Wannier interpolation in
electron Brillouin zone, and the overlap matrix Mκmn(k,q) is identical to that in the 3D
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ab initio Fro¨hlich model [22]. After subtracting gdip,Q2D from the electron-phonon matrix g,
the remainder grem,Q2D = g − gdip,Q2D becomes smoother and Wannier-Fourier interpolation
can be applied.
With our implementation in Quantum ESPRESSO [48, 49] and EPW [32], we com-
pute the EPI for MoS2 for demonstration [50]. As shown in Figure 3 the Wannier-Fourier
interpolation without correction leads to a vanishing LO EPI, because DFPT result at Γ
point in the absence of dipolar correction is zero due to periodicity. It cannot reproduce
the cusp singularity for A
′
1 phonon either, and artificially smoothens g. The 3D Fro¨hlich
correction produces a diverging LO EPI near q→ 0 which reduces slowly with increased
initial q-grid size. The model presented in this work reproduces the small-q DFPT results
even with a 3×3×1 initial q-grid. This demonstrated the intrinsic difference between EPIs
in 2D and 3D materials.
Then we computed the MoS2 intrinsic electron mobility by iteratively solving Boltzmann
transport equation (BTE) [51]. EPI and band structures were interpolated into a uniform
360 × 360 × 1 k(q)-grid where convergence was achieved. As shown in Figure 4(a), the
scattering is underestimated without dipolar correction, leading to mobility overestimation
similar to 3D polar materials [52]. Meanwhile, 3D dipolar correction overestimates the
scattering and reduces mobility. These effects become more pronounced for electron energy
higher than the LO and A
′
1 phonon energies after onset of phonon emission processes, as
shown in Figure S3. We also found that the electron mobility at 300 K is changed by
only 1% when increasing the initial q-grid from 6 × 6 × 1 to 12 × 12 × 1. The converged
electron mobility at 300 K using 2D correction was 176.6 cm2V−1s−1, as compared to 189.4
cm2V−1s−1 without correction and 160.3 cm2V−1s−1 with 3D corretion. Since the acoustic
phonon and inter-valley scatterings dominate in MoS2 [27], the dipolar correction has limited
impact in this case. However, it is expected to qualitatively alter the prediction for materials
with stronger dipolar EPI, such as TMDCs with large Born effective charges [53].
More interestingly, we found that dipolar interaction is even important in some graphene
derivatives. Specifically, we computed the hole mobilities of chair-like [(C2H2)n], boat-like
[(C4H4)n] graphane [54] and chair-like fluorinated graphene [(C2F2)n]. Although the covalent
C-H bond is usually assumed nonpolar, the slight electronegativity difference between C
and H still allows a finite Born effective charge. In (C2H2)n, the in-plane Z
∗
‖ is only 0.014
while Z∗⊥ is 0.102. The out-of-plane optical phonon involves high frequency C-H bond
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FIG. 4. Phonon-limited mobilities of electrons in (a) MoS2, and holes in (b) chair-like graphane
[(C2H2)n], (c) boat-like graphane [(C4H4)n], and (d) chair-like fluorinated graphene [(C2F2)n].
Both results from energy relaxation time approximation (ERTA) and iterative solution of Boltz-
mann transport equation (IBTE) are shown. Electron-phonon matrix elements are interpolated
using different Wannier-Fourier interpolation schemes, including the original Wannier-Fourier inter-
polation schemes without dipolar correction (Wan. only, red symbols), with 3D Fro¨hlich correction
(+3D dip., green symbols), and 2D dipolar correction in this work (+2D dip., blue symbols).
stretching and is hardly activated. Therefore, the overall dipolar contribution to scattering
is weak, and the mobility predicted from different interpolation schemes are similar. In
(C4H4)n however, the H atom has an off-diagonal charge Z
∗
H,xz = 0.120 due to the reduced
symmetry, which means the low-frequency flexural optical phonon generates in-plane dipoles
with strong dipolar EPI (Figure S4). Consequently, hole mobility at 300 K is overestimated
by 23% without dipolar correction, while the 3D correction underestimates it by 62%. For
(C2F2)n, Born effective charges are even larger (Z
∗
‖ = 0.290, Z
∗
⊥ = 0.330), so the dipolar
EPI is more significant and mobility is overestimated by 107% in the absence of dipolar
correction. The 3D correction underestimates mobility in relaxation time approximation
due to artificially strong interaction while overestimating it in iterative BTE solution due
to hole population change. Such observation in graphene derivatives suggests that even in
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carbon-based covalent systems, dipolar EPI could play major role and correct treatment is
necessary. And similar phenomena may be observed in other carbon-based or organic 2D
materials, such as covalent organic frameworks [55].
In conclusion, we proposed a unified ab initio formalism describing dipolar electron-
phonon interaction in 2D materials by incorporating both longitudinal and out-of-plane
dipoles. This formalism improves the accuracy and efficiency of ab initio electron-phonon
interaction calculations through Wannier-Fourier interpolation. We demonstrated the im-
plementation and application by computing the intrinsic electron mobility of MoS2 and hole
mobility of graphene derivatives. We found dipolar interaction is important not only in
typical polar materials, but also in hydrocarbon materials. This method can be useful for
other relevant studies such as optical properties and polaron formation.
This work is supported by Agency for Science, Technology and Research (A*STAR) of
Singapore (1527200024). Computational resources are provided by A*STAR Computational
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SUPPLEMENTAL MATERIALS
Coulomb interaction in quasi-2D system
Here we solve the Poisson equation Eq. (2). To this end, we first perform Fourier
transformation in all three directions with q being the in-plane momentum and G⊥
being the out-of-plane momentum. In periodic boundary condition this is defined as
by φ (Q,G⊥) =
∫
φ
(
r‖, z
)
exp
(
−iQ·r‖ − iG⊥z
)
dr‖dz whose inverse transformation is
φ
(
r‖, z
)
= 1
NAc
∑
Q,G⊥ φ (Q,G⊥) exp
(
iQ·r‖ + iG⊥z
)
. Then Eq. (2) becomes
−
(
Q2+G2⊥
)
φ (Q,G⊥) = −4pi + 4pi Q · α2D ·Q1
c
∑
G⊥
φ (Q,G⊥) exp (iG⊥z). (S1)
This leads to
1
c
∑
G⊥
φ (Q,G⊥) exp (iG⊥z)=
1
c
∑
G⊥
4pi
Q2+G2⊥
− Q · α2D ·Q1
c
∑
G⊥
4pi
Q2+G2⊥
×1
c
∑
G⊥
φ (Q,G⊥) exp (iG⊥z), (S2)
whose solution is
1
c
∑
G⊥
φ (Q,G⊥) exp (iG⊥z)=
2pi
|Q|+ 2piQ · α2D ·Q . (S3)
Substituting Eq. (S3) into (S1) and performing inverse Fourier transformation
φ
(
r‖, z
)
=
1
NAc
∑
Q,G⊥
φ (Q,G⊥) exp
(
iQ·r‖ + iG⊥z
)
=
1
NAc
∑
Q,G⊥
4pi exp (iG⊥z)
Q2+G2⊥
exp
(
iQ·r‖
)
|Q|+ 2piQ · α2D ·Q
=
2pi
NA
∑
Q
e−|Q||z|eiQ·r
|Q|+ 2piQ · α2D ·Q , (S4)
which is the Eq. (3) in the main text.
Polarizability from macroscopic dielectric constant
We consider a two-dimensional insulator in a periodic cell with vacuum separating each
layer. Assuming the electronic polarization is localized in the z = 0 plane and only polarize
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along the plane such that when there is a homogeneous electric field E, the electronic
polarization is determined by the 2-by-2 2D polarizability tensor α2D via
Pe (r) = δ (z)α
2D · E. (S5)
When all 2D layers are separated by c from each other, the total macroscopic polarization
can be computed as an average in the unit cell
Pmac=
1
Ω
∫
uc
Pe (r) dr=
1
c
α2D·E. (S6)
Since the macroscopic dielectric tensor is defined as E = ∞·E−4piPmac [1] we could connect
polarizability α2D with macroscopic dielectric tensor ∞ through
α2Dij =
c
(
∞ij − 1
)
4pi
. (S7)
Implementation into Wannier-Fourier interpolation
Here we derive the simplified expression for gdip,Q2D which can be used in Wannier-
Fourier interpolation. To satisfy criteria (i) and (ii), we first take the approximation
e−|Q||z−zκ| → 1. After this simplification, we proceed to find the long-wavelength ap-
proximation of Mκmn(k,Q) and Sκmn(k,Q) in Wannier basis defined by Wannier func-
tions wmRe(r) =
1
N
∑
nk
e−ik·Re [Uk]nmψnk(r). We also define an intermediate, Wannier-derived
Bloch-like state wmk(r) =
∑
Re
e−ik·RewmRe(r), which is smooth in k. It is connected to Bloch
state though simple rotation ψnk(r) =
∑
m
[U †k]nmwmk(r). For simplicity we denote the q = 0
matrix element of sgn(z − zκ) in ψnk basis as
[
S˜κ(k)
]
mn
≡ Sκmn(k,0), and similarly S˜κ(Re)
and S˜(W )κ (k) for wmRe and wmk bases. They are connected through
S˜κ(Re) =
1
N
∑
k0∈K
e−ik0·ReS˜(W )κ (k) =
1
N
∑
k0∈K
e−ik0·Re
[
U †k0Sκ(k0)Uk0
]
mn
. (S8)
Here the Wannier-basis matrix elements are obtained using Sκ(k0) on a coarse grid k0 ∈ K.
S˜κ(k) for any k is then obtained through Wannier-interpolation
S˜κ(k) = UkS˜
(W )
κ (k)U
†
k = Uk
∑
Re
eik·ReS˜κ(Re)U
†
k. (S9)
If we simply approximate Sκmn(k,Q) with S˜κ(k), it satisfies criteria (i) and (ii) but not
(iii). Instead, we take advantage of the wmk smoothness in k and choose the following
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approximation in wmk basis
[
S˜(W )κ (k,q)
]
mn
≡
〈
wmk+q
∣∣∣sgn(z − zκ)eiq·r∣∣∣wnk〉 ≈ 1
2
[
S˜(W )κ (k) + S˜
(W )
κ (k + q)
]
. (S10)
Finally, we arrive at the approximation which satisfies all these criteria
Sκmn(k,Q) ≈
[
Uk+qS˜
(W )
κ (k,q)U
†
k
]
mn
. (S11)
For Mκmn(k,q), we have the orthonormal relation
[
M˜ (W )κ (k,q)
]
mn
= δmn which leads to
Mκmn(k,q) ≈
[
Uk+qU
†
k
]
mn
. (S12)
This approximation for overlap matrix has already been used in the 3D ab initio Fro¨hlich
model.
e−|Q||z−zκ| factor in Wannier-Fourier interpolation
To include the e−|Q||z−zκ| factor in the Wannier Fourier interpolation, we need to treat it
separately. Here we take Sκmn(k,Q) as an example. If we assume the wmk basis is complete,
then we have
∑
mk |wmk〉 〈wmk| = 1 which leads to〈
wmk+q
∣∣∣sgn (z − zκ) eiq·re−|Q||z−zκ|∣∣∣wnk〉
=
∑
m′k′
〈
wmk+q
∣∣∣sgn (z − zκ) eiq·r∣∣∣wm′k′〉 〈wm′k′ ∣∣∣e−|Q||z−zκ|∣∣∣wnk〉. (S13)
When k and k
′
are different, the last integration can be neglected due to different phase.
By using
∑
mk | wmk〉 〈wmk | = 1 and small Q limit we can further write〈
wm′k
∣∣∣e−|Q||z−zκ|∣∣∣wnk〉 = {exp [− |Q| dκ]}m′n , (S14)
[dκ]m′n = 〈wm′k||z − zκ||wnk〉 . (S15)
Then we have
〈
wmk+q
∣∣∣sgn (z − zκ) eiq·re−|Q||z−zκ|∣∣∣wnk〉 ≈ [S˜(W )κ (k,q) exp [− |Q| dκ]]mn . (S16)
If the matrix dκ is diagonalizable through unitary transformation dκ = V ΛV
−1 with Λ being
diagonal, the matrix exponential can be computed simply through
exp [− |Q| dκ] = V exp (− |Q|Λ)V −1 (S17)
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However, such process involves additional calculations, and using a relatively small Wannier
basis may severely violate the completeness relation
∑
mk |wmk〉 〈wmk| = 1. This calcula-
tion could therefore significantly increase the computational cost, thus losing the efficiency
advantage. So, in this work, we choose to simply take the e−|Q||z−zκ| → 1 approximation
instead.
Quadrupolar electron-phonon interaction
Like its dipolar counterpart, the quadrupolar contribution could also be derived from the
electrostatic potential from Eq. (3) in the main text. This is achieved through
V quad,Q2D
(
r‖, z
)
=
2pi
NA
∑
q
∑
Q=q+G‖
∇ · Q · ∇ e
−|Q||z|eiQ·r
|Q|+ 2piQ · α2D ·Q
=
2pi
NA
∑
q
∑
G‖
{[
iQˆ− zˆsgn (z)
]
· Q·
[
iQˆ− zˆsgn (z)
]
+2zˆ·Q· zˆδ (z)
}
× |Q|
2 e−|Q||z|eiQ·r
|Q|+ 2piQ · α2D ·Q , (S18)
with Q being a tensor representing the quadrupole. This term has a O (|q|) contribution to
the EPI. Then the quadrupolar EPI matrix element can be obtained similar to the dipolar
term, or directly evaluated[2–5].
In addition to the quadrupolar term, the Born effective charge also has a O (|q|) con-
tribution due to the self-consistent change in Hartree-exchange-correlation potential[2, 3].
We conjecture that this term can be similarly obtained for 2D materials, by multiplying the
Born effective charge in 3D model with the dimensionality factor, which is 2pic |Q| e−|Q||z|.
Impact of two-dimensional Coulomb truncation
Here we show that 2D Coulomb truncation is important for correct EPI calculation from
DFPT with periodic boundary condition. Due to the e−|q||z−zκ| factor in long-wavelength
dipolar EPI, the spurious interaction between electrons in the original layer and the ions
in the neighboring image layer decreases slowly for small q. Particularly, this effect will
be negligible only if the vacuum separation is much greater than 1|q| . This means without
truncating the Coulomb interaction[6], small q EPI will always suffer from such spurious
interaction, leading to extremely slow convergence with respect to the vacuum size. This
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effect has also been observed in electron-electron interaction before[7, 8]. This is also ver-
ified by our DFPT calculation for MoS2. As shown in Figure S4(a), for both LO, A
′
1 and
longitudinal acoustic (LA) phonons, the EPI at q = 1
100
(M− Γ) is far from convergence as
vacuum size C increases, and the relative error can be as large as 200%. For a slightly
larger q = 1
18
(M− Γ), the deviation is much smaller since e−|q||z−zκ| becomes close to unity
[Figure S4(b)]. Still, it requires a much larger vacuum size to reach convergence as compared
to the calculation with 2D Coulomb truncation. Since small momentum scattering can be
importance in certain polar materials, absence of Coulomb truncation may add spurious
error that cannot be easily remedied by increasing vacuum size or using denser Brillouin
zone sampling.
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Supplemental Figures
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FIG. S1. Electron band structure of MoS2 on high symmetry path. The first conduction valley K
and second conduction valley Q are also marked. Vacuum level is set as reference energy at 0 eV.
FIG. S2. In chair-like graphane [left, (C2H2)n] and fluorinated graphene [right, (C2F2)n], the out-
of-plane contribution g⊥ (red curves) becomes much more significant than in-plane contribution
g‖ (blue curves) for the out-of-plane A1g phonons. This is attributed to the relatively large out-of-
plane Born effective charge components in (C2H2)n (Z
∗
⊥ = 0.102 versus Z
∗
‖ = 0.014) and (C2F2)n
(Z∗⊥ = 0.330 versus Z
∗
‖ = 0.290) and vanishing in-plane vibration in A1g modes. Because the
valence band edge studied here is degenerate and choice of initial state becomes arbitrary, we only
show the average |g| of these states.
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FIG. S3. The ERTA results for electrons in MoS2 including (a) scattering rate, (b) convergence
with respect to initial q-grid, and (c) temperature dependence of ERTA mobility.
FIG. S4. (a) Phonon dispersion of boat-like graphane (C4H4)n. (b) EPI between valence band
maximum and the lowest optical phonon, which shows strong anisotropy and dipolar character.
Only the 2D dipolar correction correctly reproduced the DFPT results.
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FIG. S5. The long-wavelength EPI for MoS2 conduction band edge. EPI is computed for a
fixed phonon momentum at (a) 1/100 of and (b) 1/18 of the length between M and Γ point in
the Brillouin zone. Square, circle and triangle represents EPI with longitudinal optical (LO),
homopolar (A
′
1) and longitudinal acoustic (LA) phonon branches. Calculation with and without
2D Coulomb truncation are marked blue and red, respectively.
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